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 This research work presents the analytical modeling, simulation, and 

validation of a parabolically tapered piezoelectric energy harvester (PEH) 

subjected to different electrical boundary conditions. A fully coupled one-

dimensional electromechanical model is formulated using Euler–Bernoulli 

beam theory, incorporating variable bending stiffness, mass distribution, and 

neutral-axis shift arising from the parabolic geometry. The model predicts 

frequency, voltage, and power response under base excitation and reveals the 

explicit influence of electrical loading on effective dynamic stiffness. 

Frequency-domain solutions are validated with ANSYS mechanical ANSYS 

parametric design language (APDL) simulations, showing less than 2% 

deviation. Results reveal that open-circuit conditions yield maximum voltage, 

while optimal power is obtained at a matched resistive load following the 

impedance matching principle. The parabolic tapering geometry enhances 

strain uniformity, lowers the resonant frequency, and improves energy 

conversion efficiency compared to rectangular designs. Parametric studies 

further demonstrate the impact of taper ratio, harvester length, and 

piezoelectric thickness on output characteristics. The proposed analytical 

framework provides a reliable and computationally efficient design tool for 

low-frequency vibration energy harvesters used in autonomous sensors and 

internet of things (IoT) applications. 
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1. INTRODUCTION  

Piezoelectric energy harvesters (PEHs) are widely used for converting ambient mechanical vibrations 

into electricity, with their performance highly dependent on both structural geometry and electrical boundary 

conditions [1]–[3]. The electrical boundary condition, such as the type of load resistance or circuit 

configuration, significantly influences the frequency response and voltage output of these devices. Recent 

research demonstrates that optimizing electrical boundary conditions, including impedance matching and the 

use of nonlinear or hybrid circuits, can significantly broaden operational bandwidth, lower resonant 

frequencies, and increase voltage and power output [4], [5]. Impedance matching is critical for maximizing 

power transfer, with optimal load resistance yielding peak voltage and power at resonance. Analytical and 

experimental results confirm that the voltage output peaks at resonance and is sensitive to changes in load 

resistance [6]. The majority of the research work focuses on the open circuit boundary condition as it gives the 

maximum voltage output from the gharvester [7]–[9]. But the power from a piezoelectric vibration energy 

harvester is maximum when the external resistive load equals the internal impedance of the harvester [10]. This 
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is a direct application of the impedance matching principle, which ensures effective energy transfer from the 

piezoelectric element to the load. Morel et al. [11] tuned the electrical interface of a highly coupled piezoelectric 

harvester to efficiently harvest energy from ambient vibrations, achieving a maximum power of 11 μW over a  

14 Hz wide frequency band with less than 5% error. A coupled piezoelectric-circuit finite element model is used 

by Zhu et al. [12] to analyze the power generating performance of a PEH, attached to a resistive load. The focus 

was given to understand the effect of the resistance load on the vibration magnitude of the piezoelectric harvester, 

and thus on the voltage and power output of the device. They also optimized the resistive load and design 

parameters for maximum power output. Zhu et al. [12] optimized the load resistance in their research work and 

obtained a maximum normalized power density of 18.717 mW/g2cm3. Therefore, in this study, the influence of 

electrical boundary conditions on the piezoelectric harvester’s responses.  

One of the primary reasons for the inefficiency of commonly used PEHs is the nonuniform stress 

distribution aroused due to improper harvester design. To address the issue, various geometries have been tried 

in the past decade. Non-uniform and tapered piezoelectric beams are widely used to tune resonance frequencies, 

enhance electromechanical coupling, and improve energy harvesting. Recent work combines analytical, semi-

analytical, and finite element formulations to study how loads, tapering, and material grading influence 

dynamic response and stability [13]–[16]. The research diaspora started with simple rectangular geometry, then 

linearly tapering, exponentially tapering, as well as quadratically tapering profiles were also tried [17], [18]. 

The researchers [19], [20] introduced a trapezoidal shape cantilever structure for piezoelectric energy harvesting 

applications. Numerical simulations revealed that the power output could be significantly improved by fine-tuning 

the design parameters, enabling the system to achieve resonance at any rotational speed. Experimental results 

demonstrated an average power output of 107.4 mW over a wheel speed range of 177 to 796 RPM. However, the 

complexity of their design limits their practicality for real-world applications. Deng et al. [21] developed a finite 

element model of a linearly tapering design using ANSYS software. The proposed harvester generated between 

5 and 26 mW of power within an operating frequency range of 10–20 Hz. Nevertheless, they did not provide a 

clear mathematical framework or experimental methodology to predict the energy harvester’s performance. 

Recently, it has been observed that the quadratic and exponentially tapering harvesters provide higher power 

density and power amplification factor [22], [23]. The design of piezoelectric vibration energy harvesters plays a 

critical role in determining their efficiency and reliability. Parabolically tapered beams have emerged as a 

promising design for enhancing energy harvesting efficiency, particularly at low frequencies [24]–[26]. Therefore, 

the parabolic tapering profile is considered in this study. 

The key contributions of this work are: 

− A novel electromechanically coupled analytical model for parabolically tapered PEH that incorporates 

variable stiffness, variable mass, and neutral-axis shift, which are not featured in prior studies. 

− The quantitative demonstration of how electrical boundary conditions (open circuit, short circuit, and 

resistive load) alter effective dynamic stiffness and shift resonance frequencies. 

− A complete frequency-domain solution providing voltage and power response under base excitation and 

different resistive loads, enabling rapid evaluation of matched-load power. 

− Validation against ANSYS mechanical ANSYS parametric design language (APDL) for natural frequency, 

voltage, and power predictions. 

− A broad parametric sensitivity analysis, offering guidelines for geometry-electrical co-optimization. 

− Comparison with equivalent rectangular geometries, showing advantages of parabolic tapering in strain 

distribution, lowered resonance, and enhanced energy conversion. 

These contributions collectively establish a unified, computationally efficient framework for designing 

geometry-tailored PEHs for low-frequency energy harvesting and adaptive power conditioning for autonomous 

sensors and internet of things (IoT) systems. 

 

  

2. METHOD  

2.1.  Electro-mechanical coupled mathematical model development 

The parabolic tapering width PEH is shown in Figure 1. Figure 1(a) depicts the harvester tapering from 

base to the free end. The resistive load is assumed to be across the top and bottom layers of the piezoelectric layer. 

Figure 1(b) shows the cross-sectional view of the system along with the position of the neutral axis. The width 

variation equation is derived by considering a parabola with focus (𝛼, 0) and 𝑦2 = 4𝛼𝑥 as (1); 

 

𝑤(𝑥) = 𝑤0 − 2√4𝑎𝑥 = 𝑤0 − 4√𝑎𝑥

= 𝑤0 [1 − 4√(
𝑎

𝑤0
2) 𝑥]

             = 𝑤0(1 − 4√𝜗𝑥), 0 ≤ 𝑥 ≤ 𝑙

 (1) 
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(a) (b) 

 

Figure 1. Schematic of the PEH showing; (a) the tapered geometry and (b) the position of neutral axis 

 

 

where 𝑤0 is the base width of the harvester and 𝜗 = (
𝑎

𝑤0
2) is the taper parameter. The span of the system is l, 

the thicknesses of the substrate and the piezoelectric layer are ℎ𝑠 and ℎ𝑝, respectively. Similarly, the 𝑧𝑠 =
ℎ𝑠

2
 is 

the substrate centroid and 𝑧𝑝 = ℎ𝑠 +
ℎ𝑝

2
 is the piezoelectric layer centroid, gives the exact position of the neutral 

axis (𝑧𝑁𝐴) of the unimorph system as (2): 

 

𝑧𝑁𝐴 =
𝐸𝑠ℎ𝑠𝑧𝑠+𝐸𝑝ℎ𝑝𝑧𝑝

𝐸𝑠ℎ𝑠+𝐸𝑝ℎ𝑝
 (2) 

 

where, 𝐸𝑠 and 𝐸𝑝 are the substrate and piezoelectric layer’s modulus of elasticity. In the present study, Euler–

Bernoulli beam theory is adopted to model the parabolically tapered PEH. This choice is justified by the slender 

geometry of the cantilever, for which the length-to-thickness ratio exceeds 20 for all configurations considered. 

Under such conditions, transverse shear deformation and rotary inertia effects are negligible, and the Euler–

Bernoulli assumption of plane sections remaining plane remains valid. The dynamic interaction between the 

beam’s mechanical deformation and the piezoelectric electrical response is represented by the 

electromechanically coupled Euler–Bernoulli formulation (one-dimensional) as (3): 

 
𝑑2

𝑑𝑥2 [𝐸𝐼(𝑥)
𝑑2𝛥(𝑥,𝑡)

𝑑𝑥2 ] + 𝜌𝐴(𝑥)𝛥̈(𝑥, 𝑡) − 𝜙(𝑥)𝑉̇(𝑡) = 0 (3) 

 

and the electrical governing as (4); 

 

∫ 𝜙(𝑥)
𝑑2𝛥̇(𝑥,𝑡)

𝑑𝑥2 𝑑𝑥
𝑙

0
+ 𝐶𝑝𝑉̇(𝑡) +

𝑉(𝑡)

𝑅
= 0 (4) 

 

where 𝛥(𝑥, 𝑡) is the transverse deflection, 𝐸𝐼(𝑥) is the cumulative bending stiffness, 𝜌𝐴(𝑥) is the mass per 

unit length, 𝜙(𝑥) is the electromechanical coupling coefficient (C/m), 𝐶𝑝 is the effective capacitance of the 

piezoelectric layer, and 𝑅 is the external resistive load for the harvester, which is taken as infinite for the open 

circuit and zero for the short-circuit condition. Together, (3) and (4) form a fully coupled one-dimensional 

distributed model that captures both the structural dynamics and the electrical response of the piezoelectric 

cantilever beam under open-circuit, short-circuit, and resistive loading conditions. The area moment of inertia 

of the substrate, 𝐼𝑠(𝑥) and piezoelectric layers, 𝐼𝑝(𝑥) are: 

 

𝐼𝑠(𝑥) =
𝑤(𝑥)ℎ𝑠

3

12
, 𝐼𝑝(𝑥) =

𝑤(𝑥)ℎ𝑝
3

12
 (5) 

 

and the cumulative bending stiffness is: 

  

𝐸𝐼(𝑥) = 𝐸𝑠𝐼𝑠(𝑥) + 𝐸𝑝𝐼𝑝
∗(𝑥) (6) 

 

where 𝐼𝑝
∗(𝑥) = 𝐼𝑝(𝑥) + 𝑤(𝑥)ℎ𝑝𝑧𝑝𝑝

2 . For the unimorph system: 

 

𝑧𝑝𝑝 = 𝑧𝑝 − 𝑧𝑁𝐴 (7) 

 

Finally, the mass per unit length of the system is: 



                ISSN: 2963-6272 

Intellect J Ener Harv and Storage, Vol. 4, No. 1, June 2026: 9-20 

12 

𝜌𝐴(𝑥) = 𝜌𝑠𝑤(𝑥)ℎ𝑠 + 𝜌𝑝𝑤(𝑥)ℎ𝑝 (8) 

 

where, 𝜌𝑠 and 𝜌𝑝 are the substrate and piezoelectric layer’s mass density (𝑘𝑔 𝑚3⁄ ). 

Now considering 𝑑31 as the piezoelectric strain constant (C/N), the electromechanical coupling distribution is: 

 

𝜙(𝑥) = 𝑑31𝐸𝑝𝑤(𝑥)ℎ𝑝𝑧𝑝𝑝 (9) 

 

and considering 𝜀𝑇 as the permittivity (F/m), the capacitance is: 

 

𝐶𝑝 = ∫
𝜀𝑇𝑤(𝑥)

ℎ𝑝
𝑑𝑥

𝑙

0
 (10) 

 

Assuming the system’s transverse deflection is dominated by a single normalized mode shape: 

 

Δ(𝑥, 𝑡) = 𝜃𝑛(𝑥)𝑞𝑛(𝑡) (11) 

 

where 𝑞𝑛(𝑡) is the modal generalized displacement and 𝜃𝑛(𝑥) is an assumed mode shape for the cantilever 

structure, selected as (12): 

 

𝜃1(𝑥) = 𝑐𝑜𝑠ℎ(𝜆𝑥 𝑙⁄ ) − 𝑐𝑜𝑠ℎ(𝜆𝑥 𝑙⁄ ) − 𝜂[𝑠𝑖𝑛ℎ(𝜆𝑥 𝑙⁄ ) − 𝑠𝑖𝑛(𝜆𝑥 𝑙⁄ )] (12) 
 

With: 
 

𝜂 =
𝑐𝑜𝑠ℎ(λl)+𝑐𝑜𝑠(λl)

𝑠𝑖𝑛ℎ(λl)+𝑠𝑖𝑛(λl)
, 𝜆1𝑙 = 1.875 (13) 

 

Substituting this ansatz into the distributed PDEs in (3) and (4), and applying Galerkin projection and 

integrating over 𝑥𝜖[0.1], an ordinary differential equation system for the modal coordinate and the voltage is 

obtained. The resulting modal electromechanical are (14) and (15): 
 

𝑀𝑛𝑞̈𝑛(𝑡) + 𝐾𝑛𝑞𝑛(𝑡) − 𝛩𝑛𝑉(𝑡) = 0 (14) 
 

𝛩𝑛𝑞̇𝑛(𝑡) + 𝐶𝑝𝑉̇(𝑡) +
𝑉(𝑡)

𝑅
= 0 (15) 

 

The coefficients of (14) and (15) are: 
 

𝑀𝑛 = ∫ 𝜌𝐴(𝑥)𝜃𝑛
2(𝑥)𝑑𝑥

𝑙

0
, 𝐾𝑛 = ∫ 𝐸𝐼(𝑥) (

𝑑2𝜃𝑛(𝑥)

𝑑𝑥2 )
2

𝑑𝑥
𝑙

0
, 𝛩𝑛 = ∫ 𝜃(𝑥) (

𝑑2𝜃𝑛(𝑥)

𝑑𝑥2 ) 𝑑𝑥
𝑙

0
 (16) 

 

2.2.  Frequency-domain reduction and effective mechanical stiffness 

After obtaining the normalized system equations, the solutions are obtained by assuming harmonic 

responses as 𝑞𝑛(𝑡) = 𝒬𝑒𝑗𝜔𝑡  and 𝑉(𝑡) = 𝑉𝑒𝑗𝜔𝑡 . These assumptions result in: 

 

[−𝜔2𝑀𝑛 + 𝐾𝑛]𝑄 − 𝛩𝑛𝑉0 = 0 (17) 

 

𝑗𝜔𝛩𝑛𝑄 + (𝑗𝜔𝐶𝑝 +
1

𝑅
) 𝑉0 = 0 (18) 

 

Solving (18) will give: 

 

𝑉0 =
𝑗𝜔𝛩𝑛𝑅𝑄

1+𝑗𝜔𝐶𝑝𝑅
 (19) 

 

Now, substituting (19) into (17) will give: 

 

[−𝜔2𝑀𝑛 + 𝐾𝑛 +
(𝑗𝜔𝛩𝑛)2𝑅

1+𝑗𝜔𝑅𝐶𝑝
] 𝑄 = 0 (20) 

 

The effective dynamic stiffness of the system in (20) is affected by the electrical circuit, which produces a 

frequency-dependent mechanical term as (21); 
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𝐾𝑒𝑓𝑓(𝜔) = 𝐾𝑛 + 𝐾𝑒𝑙𝑒(𝜔), 𝐾𝑒𝑙𝑒(𝜔) =
(𝑗𝜔𝛩𝑛)2𝑅

1+𝑗𝜔𝑅𝐶𝑝
 (21) 

 

The complex natural frequency obtained using (21) depends on the resistive load R, and the resonance occurs 

when [ 𝐾𝑒𝑓𝑓(𝜔)] = 0. Now, for the open-circuit case(𝑅 → ∞), the effective stiffness and natural frequency 

(𝜔𝑛,𝑂𝐶) become: 

 

 𝐾𝑒𝑓𝑓 = 𝐾𝑛 +
Θ𝑛

2

𝐶𝑝
, 𝜔𝑛,𝑂𝐶 = √

𝐾𝑛
Θ𝑛

2

𝐶𝑝

𝑀𝑛
 (22) 

 

For the short-circuit case (𝑅 → 0), the 𝐾𝑒𝑓𝑓 = 𝐾𝑛, therefore (23): 

 

𝜔𝑛,𝑆𝐶 = √
𝐾𝑛

𝑀𝑛
 (23) 

 

From (22) and (23), it is clear that the shorted electrodes do not add the additional stiffness term as in case of 

the open-circuit case. Therefore, the open-circuit frequency is likely to be higher than the short-circuit. Then 

the frequencies (Hz) can be represented as 𝑓𝑛,𝑜𝑐 =
𝜔𝑛𝑜𝑐

2𝜋
 and 𝑓𝑛,𝑆𝐶 =

𝜔𝑛𝑠𝑐

2𝜋
. 

 

2.3.  Voltage-frequency response under base acceleration  

Since vibration in the system is induced through base acceleration 𝑎𝑏(𝑡) = 𝜔̈𝑒𝑗𝜔𝑡 , the coupled 

becomes (24): 
 

[−𝜔2𝑀𝑛 + 𝐾𝑛 +
(𝑗𝜔𝛩𝑛)2𝑅

1+𝑗𝜔𝑅𝐶𝑝
] 𝑋(𝜔) = 𝑀𝑛𝑎𝑏(𝑡) (24) 

 

where the mechanical amplitude 𝑋(𝜔), with damping coefficient 𝜁, and modal damping 𝐶𝑛 = 2 𝜁√𝐾𝑛𝑀𝑛, can 

be written as (25): 
 

𝑋(𝜔) =
−𝑀𝑛𝑎𝑏(𝑡)

−𝑀𝑛𝜔2+𝑗𝜔𝐶𝑛+𝐾𝑒𝑓𝑓
 (25) 

 

Finally, the output voltage 𝑉(𝜔) and power 𝑃(𝜔) can be calculated as (26) and (27): 

 

𝑉(𝜔) = [
𝜔𝑗Θ𝑛𝑅

1+𝑗𝜔𝑅𝐶𝑝
] (26) 

 

𝑃(𝜔) =
|𝑉(𝜔)|2

2𝑅
 (27) 

 

The electromechanically coupled modal analysis is done for both open and short-circuit boundary 

conditions to extract the first three mode shapes and natural frequencies. Then the harmonic analysis is done 

by applying base accelerations 1 g, 4 g, and 7 g and sweep frequency around each principal resonance. For 

each electrical boundary condition (open circuit and short-circuit, and sample resistance values), the electrode 

voltage amplitude and power dissipation for the resistive cases are recorded. 

  

2.4.  Model validation in ANSYS mechanical APDL 

Figure 2 illustrates the ANSYS mechanical APDL is used to create the parabolic tapering piezoelectric 

harvester. Using the width variation function in (1), around 200 key points are generated to model the substrate 

and piezoelectric patch as shown in Figure 2(a). Couple-field piezoelectric tetrahedral SOLID226 elements are 

used to discretize the system. A fine mesh is generated to ensure simulation accuracy, resulting in a total of 

over 10,000 elements. The model and the view after implementation of the VOLT and CP commands are shown 

in Figure 2(b). Table 1 shows the material properties used in the ANSYS simulation and the analytical method. 

Also, demonstrates the sensitivity of the first natural frequency to the piezoelectric material parameters. The 

other reasonable dimensions of the system taken in this study are 𝑙 = 6 𝑐𝑚, 𝜗 = 0.6, 𝑤0 = 5 𝑐𝑚, 
ℎ𝑠 = 0.5 𝑚𝑚, ℎ𝑝 = 0.2 𝑚𝑚, and 𝜁 = 0.02. To simulate the open circuit condition, bottom electrode is given 

zero potential and the top electrode free. The difference between gives the open circuit voltage response.  

The short-circuit condition is simulated by tying both top and bottom electrode nodes to same potential 

(0 V). The resistive load is applied by connecting the electrode pair to an external circuit containing a resistor. 
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This is done by utilizing the CIRCU94 element, which links electrode node potentials to a circuit branch with 

resistance R. Modal analysis and harmonic analysis are done across ±20% of the first three natural frequencies. 

Figure 2(c) represents the stress distribution comparison of the proposed parabolic tapering geometry with a 

similar rectangular one. The rectangular geometry is obtained by implementing 𝜗 = 0, which makes  

𝑤(𝑥) = 𝑤0. The length and the base width for both models are kept constant. It can be seen that the parabolic 

tapering improves the stress distribution over the surface, giving rise to better material utilization and energy 

harvesting performance compared to conventional designs. 

 

 

   
(a) (b) (c) 

 

Figure 2. ANSYS model of the system showing; (a) bonded piezoelectric patch and substrate, (b) nodes 

before and after voltage coupling, and (c) stress distribution comparison of rectangular and parabolic tapering 

geometry 

 

 

Table 1. Material properties used in the modelling of the piezoelectric harvester and the sensitivity of the first 

natural frequency to the piezoelectric material parameters 
Properties PZT-5H patch Variation 

(%) 

Frequency 

change (%) 

Remarks Brass 

substrate 

Modulus of elasticity (GPa) 50 ±10 5–7 Stiffness dominated change 97 
Mass density (kg/m3) 7960 - - - 8490 

Poisson’s ratio 0.136 - - - 0.33 

Coupling coefficient (cm-2) -8.939 ±10 <1 - - 
Charge constant (C/N) −320 × 10−12 ±10 <2 Lower influence on stiffness 

but affects voltage strongly 

- 

Dielectric constant 3800 ±10 <1 - - 
Permittivity (F/m) −1.306 × 10−10  ±10 <1 Capacitance influence and 

minimal effect on frequency 

- 

 

 

3. RESULTS AND DISCUSSION 

3.1.  Model validation  

As discussed, a two-way validation process is adopted in this study. First, the results from the 

analytical model are compared with the ANSYS simulation results. Secondly, the results are compared with 

the earlier reported results. The ANSYS model presented in subsection 2.4 is simulated under 7 g excitation 

level, and the results are presented in Table 2. The RMS power is calculated across a resistance of 106 𝛺 for 

both cases. The results show close agreement with each other, having relative error percentages of 0.168, 1.363, 

and 0.190 for the first natural frequency, open circuit voltage, and root mean square (RMS) power, respectively. 

These minor deviations are considered acceptable, which validates the proposed model. The deviation may 

have appeared due to the element coupling complexity and material nonlinearities at high excitation levels 

[26]–[28], which are not considered in the present model.  

The results of the present model are compared with some earlier reported rectangular piezoelectric 

harvester models. The present geometry can be converted into a rectangular shape by implementing the taper 

parameter as zero, which makes 𝑤(𝑥) = 𝑤0 for the whole length. The dimensions and material properties of 

the reported models are utilized in the present model to establish a standard for comparison. The reported and 

calculated (from the present model) frequencies and RMS powers are compared for validation purposes.  

Table 3 presents the comparison results along with the used material, excitation level, and piezoelectric patch 

size. The close agreement (deviation ≤ 3.5%) between the reported results further validates the present model. 
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Table 2. Comparison of analytical and ANSYS simulation results 
Method Output responses 

Frequency (Hz) Open circuit voltage (V) RMS power (μW) 

Analytical 130.2184 1.7031 0.5778 

ANSYS  130 1.6802 0.5767 

% error 0.168 1.363 0.190 

 

 

Table 3. Comparison of the present analytical model with earlier reported models. 
Reference Material Excitation (×9.81 m/s2) Piezo. size (mm3) Frequency (Hz) RMS power (μW) 

rep. cal. rep. cal. 

Morimoto et al. [29] PZT 0.51 18.5×5×0.28 26.0 128.4 5.30 5.42 

Tang et al. [30] PZT 3.0 11×5×0.57 100.8 98.7 3.21 3.10 

Song et al. [31] PZT 0.25 11 68.0 70.1 0.023 0.024 
Kim et al. [32] PZT-5A 0.255 51×31.7×0.275 109.5 111.6 0.53 0.51 

Liang and Liao [33] PZT-5A 1.44 49×24×0.5 42.0 40.6 0.25 0.26 

Xu et al. [34] PMN-PT 3.2 25×5×0.1 102.0 104.8 0.185 0.18 

Ma et al. [35] PZT-5H 0.2 30×3×0.3 93.0 95.3 0.318 0.33 

Gong et al. [36] PZT 0.7 31×13.6×0.22 120.9 118.2 0.664 0.64 

 

 

3.2.  System response analysis 

The mode shapes for natural frequencies and voltage response under open and short-circuit conditions 

are analyzed in this section to understand the effects of electrical boundary conditions. The RMS power from 

the piezoelectric harvester against various resistive loads is also studied. To study the effects of base excitation, 

identical analysis is conducted for 1 g, 4 g, and 7 g excitations. 

 

3.2.1. Frequency response 

The first three natural frequencies of the system with open circuit and short-circuit boundary condition 

is studied to assess the influence of electromechanical coupling. Figure 3 shows the three mode shapes of the 

harvester with 𝑙 = 6 cm, 𝜗 = 0.6, 𝑤0 = 5 cm, ℎ𝑠 = 0.5 mm, ℎ𝑝 = 0.2 mm, and 𝜁 = 0.02. With the open circuit 

condition, the first three frequencies are 130.2167 Hz, 650.3930 Hz, and 1699.5167 Hz, as shown in  

Figure 3(a). Whereas, with the short-circuit condition, the frequencies are 65.1092 Hz, 325.2265 Hz, and 

852.6257 Hz, respectively. The short-circuit natural frequencies are lower because the strong piezoelectric 

coupling effectively reduces stiffness. A fast convergence is observed for the first natural frequency, which is 

≃129.721 → 130.217 Hz as the mesh is refined, as shown in Figure 3(b). Most of the change is observed 

between 10 and 40 elements, whereas the change is ≤ 0.1% beyond 80 elements, confirming the stability of 

the frequency. This indicates that the model’s stiffness and mass integrals eventually, the eigenvalues are well 

captured even with a moderate mesh density. 
  
 

  
(a) (b) 

 

Figure 3. Modal analysis responses showing; (a) the first three mode shapes and (b) the mesh convergence 

result of the first natural frequency 
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3.2.2. Harmonic responses 

A harvester model with configurations 𝑙 = 6 cm, 𝜗 = 0.6, 𝑤0 = 5 cm, ℎ𝑠 = 0.5 mm, ℎ𝑝 = 0.2 mm, 

and 𝜁 = 0.02 is analyzed to obtain the voltage responses for the first three modes. The analysis is done for short-

circuit (𝑅 = 0), open circuit (𝑅 = ∞), 𝑅 =102, 103, 104, 105, and 106 Ω to get a clear understanding of the effect 

of the load resistance on the harvester’s performance. Figure 4 shows the mode 1 voltage responses from the 

harvester under 1 g (Figure 4(a)), 4 g (Figure 4(b)), and 7 g (Figure 4(c)) accelerations. It is seen that the voltage 

response increases with an increase in the load resistance, having a peak at 𝑅 = ∞. Also, the voltage response 

increases sharply with an increase in base excitation due to the availability of higher kinetic energy in the form of 

large level vibration. Similar trends are observed for modes 2 and 3. But the magnitude of the voltages at higher 

modes is insignificant compared to the first mode. To further understand the influence of the acceleration, surface 

plots are plotted for the voltage response against frequency and acceleration. Figure 5 shows the surface plots for 

an acceleration sweep of 1-7 g. The plots are drawn for mode 1 (Figure 5(a)), mode 2 (Figure 5(b)), and mode 

3 (Figure 5(c)). It is clear that the voltage response is directly influenced by the acceleration level.  

Harmonic analysis is also done for the RMS power response from the harvester. Since the voltage 

response at the first mode is significantly higher compared to the other two, the power is also calculated for the 

first mode only. Figure 6 shows the mode 1 RMS power responses from the harvester under 1 g (Figure 6(a)), 

4 g (Figure 6(b)), and 7 g (Figure 6(c)) accelerations. It is seen that the power response increases with an 

increase in the load resistance, having a peak at 𝑅 = 106 𝛺. Also, the power response increases sharply with 

an increase in base excitation due to the availability of higher kinetic energy in the form of a large level 

vibration. Table 4 shows the peak voltage and power responses from the harvester across various resistive loads 

under 1 g, 4 g, and 7 g accelerations for the first mode. It is noticed that the voltage response from the harvester 

with 106 Ω is approaching the response under open circuit conditions. 

 

 

   
(a) (b) (c) 

 

Figure 4. Voltage response from the harvester for mode 1 under various resistive loads for; (a) 1 g, (b) 4 g, 

and (c) 7 g accelerations 

 

 

   
(a) (b) (c) 

 

Figure 5. Surface plots for voltage response vs frequency and acceleration for mode; (a) 1, (b) 2, and (c) 3 
 



Intellect J Ener Harv and Storage ISSN: 2963-6272  

 

Electrical boundary conditions’ influence on a parabolically tapered piezoelectric … (Avipsa Priyadarshini) 

17 

   
(a) (b) (c) 

 

Figure 6. RMS power responses from the harvester across various load resistances under; (a) 1 g, (b) 4 g, and 

(c) 7 g accelerations 
 

 

Table 4. Peak voltage and power responses from the harvester under 1 g, 4 g, and 7 g accelerations 
Acc.  

level 

Voltage response (V) and power responses (μW) 

𝑅 =102 Ω 𝑅 =104 Ω 𝑅 =106 Ω 𝑅 = ∞ Ω 

 Power Voltage Power Voltage Power Voltage Power Voltage 

1 g 1.9 × 106 0.00002 0.0002 0.00198 0.012 0.15357 - 0.24330 

4 g 3.13 × 10−5 0.00008 0.0031 0.00792 0.189 0.61430 - 0.97321 

7 g 9.6 × 10−5 0.00014 0.0096 0.01386 0.578 1.07502 - 1.70312 

 

 

3.3.  Parametric analysis 

The taper parameter, harvester’s length, and the piezoelectric layer thickness significantly influence 

the harvester’s responses. Therefore, a parametric analysis is conducted to get a deep insight into the 

parameters’ influence. Initially, the harvester with 𝑙 = 6 cm, 𝑤0 = 5 cm, ℎ𝑠 = 0.5 mm, 𝑅 =106 Ω, and  

ℎ𝑝 = 0.2 mm is studied for 𝜗 = 0.4, 0.6, 𝑎𝑛𝑑 0.8 under 1 g excitation, as shown in Figure 7.  
 

 

 
 

Figure 7. Voltage response for all three modes with various taper parameters under 1 g excitation 
 
 

The voltage response decreases with an increase in taper parameter, and the resonance frequencies 

shift towards higher regions for all three modes. The earlier effect is the result of less availability of 

piezoelectric material to produce voltage with a higher taper, leading to a narrow geometry, which, on the other 

hand, increases the flexural rigidity of the system, leading to the frequency shift to higher values. The voltage 

decreases from 0.2822 V to 0.1931 V for the taper parameter change from 0.4 to 0.8. Figure 8 shows the effect 

of the harvester’s length on its performance. The design parameters are 𝑤0 = 5 𝑐𝑚, ℎ𝑠 = 0.5 𝑚𝑚, 𝑅 =
106Ω, ℎ𝑝 = 0.2 𝑚𝑚, and 𝜗 = 0.6 under 1 g excitation with 𝑙 = 5, 6, 𝑎𝑛𝑑 7 𝑐𝑚. It is observed that the voltage 

response increases with an increase in the harvester’s length due to more availability of piezoelectric material. 

The voltage response increases from 0.1917 V to 0.3140 V when the harvester’s length increases from 5 cm to 

7 cm. Also, the natural frequencies shift to lower regions owing to the reduction in stiffness of longer beams. 
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Figure 8. Voltage response for all the three modes with various harvester’s length under 1 g excitation 

 

 

The voltage response from the harvester with 𝑙 = 6 𝑐𝑚, 𝑤0 = 5 𝑐𝑚, ℎ𝑠 = 0.5 𝑚𝑚, 𝑅 = 106Ω, and 

𝜗 = 0.6 is studied for ℎ𝑝 = 0.1, 0.2, 𝑎𝑛𝑑 0.3 𝑚𝑚 as shown in Figure 9. It is clearly evident that the 

piezoelectric layer thickness has a significant influence on the voltage response but less on the frequency shift. 

The voltage response from the harvester increases from 0.0920 V to 0.5890 V when the thickness increases 

from 0.1 mm to 0.3 mm. 

 

 

 
 

Figure 9. Voltage response for the three modes with various piezo layer thicknesses under 1 g excitation 

 

 

Table 5 summarizes the effect of the electrical boundary condition under these parameter sweeps. It 

can be observed that the effects of the electrical boundary condition are independent of parameter sweep rather 

significantly depend on the piezoelectric material properties. Similarly, the comparison of modal frequency 

and voltage output under short-circuit, resistive, and open-circuit conditions for the parabolically tapered PEH 

shows that electrical loading influences effective stiffness, with open-circuit exhibiting the highest natural 

frequency. 

 

 

Table 5. Short-circuit and open circuit first modal frequencies (Hz) for various parameter changes  
Boundary conditions Taper parameter Harvester’s length (cm) Piezo layer thickness (mm) 

𝜗 = 0.4 𝜗 = 0.6 𝜗 = 0.8 𝑙 = 5 𝑙 = 6 𝑙 = 7 ℎ𝑝 = 0.1 ℎ𝑝 = 0.2 ℎ𝑝 = 0.3 

S-C 58.098 65.109 75.351 88.672 65.109 50.92 58.229 65.1092 73.176 

O-C 115.29 130.21 150.69 177.3 130.21 101.8 116.45 130.217 145.36 

 

 

4. CONCLUSION  

A detailed analytical framework has been developed and validated for predicting the dynamic and 

electrical behavior of parabolically tapered piezoelectric vibration energy harvesters under multiple boundary 

conditions. The study integrates variable stiffness and mass effects, as well as the neutral-axis shift, into a  

one-dimensional coupled electromechanical model, enabling accurate computation of modal frequencies, 
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voltage, and power outputs. Comparison with ANSYS simulations confirms the validity of the proposed model, 

with less than 2% deviation in frequency and power predictions. The results clearly establish that while open-

circuit conditions produce the highest voltage output, the maximum power occurs at a matched resistive load, 

consistent with impedance matching theory. Notably, under 7 g excitation, the PEH shows a peak open-circuit 

voltage of 1.70312 V and power of 0.578 μW. The O-C voltage response is observed to be 58.4% more 

compared to the voltage against 𝑅 = 106 𝛺.  

The parametric analysis highlights the importance of the taper parameter, beam length, and 

piezoelectric layer thickness on system performance. Specifically, decreasing the taper parameter or increasing 

the beam length enhances voltage generation, whereas thicker piezoelectric layers amplify output power 

without significantly affecting resonance frequency. The parabolic taper provides superior strain distribution 

and improved electromechanical coupling compared to uniform or linearly tapered harvesters. Overall, this 

research presents a validated and scalable analytical approach for the design of high-performance,  

geometry-tailored PEHs, contributing to the development of efficient vibration-powered energy solutions for 

low-frequency ambient environments and wireless sensor networks. 
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